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Abstract

This paper explores how entropy and other information theoretic quantities may be used to reverse-
engineer genetic regulatory networks from repeated microarray data. The problem of differentiating
genes that undergo direct coregulation from genes whose expression is similar because they belong to
the same regulatory pathway is studied from a graphical modeling viewpoint. This leads to the criteria
of conditional independence which can be evaluated by computing the conditional mutual information.
The latter is completely characterized by the sum of the entropies of joint variables, underlining the need
for an entropy estimator that is accurate even in low sampling conditions.

We introduce a new plug-in entropy estimator obtained from shrinking maximum likelihood multino-
mial proportions estimates to the maximum entropy target. We derive the closely related ZIPshrink and
ZINBshrink entropy estimators which enhance the shrinkage estimator by first adjusting the shrinkage
target depending on the fraction of structural zeros in the multinomial model. The fraction of structural
zeros is estimated using a Zero-Inflated Poisson or Zero-Inflated Negative Binomial distribution to model
the histogram of bin counts.

We compare these three new estimators to state of the art estimators. We show that they give accept-
able estimates even in the low sampling regime and are as accurate as the best estimator available today
while being 100 faster, making it more suitable for large scale computations. We then compare existing
approximations of conditional independence networks such as 0-1 networks and a data processing in-
equality based approach. As a conclusion, we briefly consider limitations of the method as well as issues
related to unobserved variables, causal inference and time series as opposed to steady state experiments.

Part I serves both as an introduction and a motivation. It presents the notions of conditional in-
dependence and explains why entropy estimation is critical to genetic regulatory network inference.
Part II has the core results of this report : it reviews existing entropy estimators for the discrete case,
introduces a new entropy estimator based on the statistical notion of shrinkage and compares their per-
formance. Finally, part III compares data processing inequality based approach to genetic regulatory
networks reverse-engineering with the so-called 0-1 networks approach. It also has considerations about
limitations, pitfalls and possible extensions of the method.
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Figure 1:A simple graph made of 4 verticesA, B,C andD and 2 edges (A, B) and (B,C).

Part I

Motivation
The microarray technology that was invented a decade ago opened new possibilities in genetics. This
technology makes to possible to monitor the expression level of thousands of genes simultaneously (Schena
et al., 1995). Therefore, it has become an essential technique in genetics and molecular biology.

As the microarray technique generates a large amount of data, computational and statistical tech-
niques had to be developed to synthesize datasets and assist biologists at interpreting the experimental
results. State of the art methods include expression patterns clustering (Eisen et al., 1998) which attempts
to find clusters of functionally related genes by grouping together genes that have a similar expression
profile. Other methods such as the Significance Analysis of Microarrays (SAM) described in Tusher
et al. (2001) and MAANOVA (Wu et al., 2003) aim at telling which genes are significatively differently
expressed. Within the Strimmer lab, previous research focused on subjects such as identifying periodi-
cally expressed genes (Wichert et al., 2004) and selecting emerging patterns of genes that allow improved
classification accuracy in a supervised learning context (Boulesteix et al., 2003). Over the years, the mi-
croarray technology improved in reliability. And with costs falling due to the technique spreading out
quickly, it makes more and more sense to consider inferring the genetic regulatory network from gene
expression data. By inferring — or “reverse-engineering” as some authors would call it — the genetic
regulatory network, we mean that for each pair of genes, we want to decide whether the data accounts
for one of the two genes to regulate the other one.

So far, graphs have been the standard way of representing genetic regulatory networks. Graphs are
made of vertices which represent genes, and edges that represent coregulation. Connecting two vertices
with an edge means that one of the two corresponding genes regulates the other one.

Figure 1 shows a sample graph made of 4 vertices. Such a graph is called “undirected” because edges
or not oriented,i.e. vertices are connected with lines instead of arrows. As vertices represent genes and
edges symbolize regulation, just from looking at the graph, we can’t tell whether geneA regulates gene
B or, on the opposite, if geneB regulates geneA. Ideally, we would like to replace edges with arrows in
this graph, since it may be important for the biologist to know whetherA regulatesB or the other way
around. But choosing a direction for the edges is a difficult problem which is related to causal inference
and at this point, we will just ignore it. But we will briefly come back to it in section III and explain what
makes it difficult. From now on, we will focus on inferring thestructureof the network, without trying
to determine the directions of the edges. This is a simpler problem than the previous one. Furthermore,
if we had the structure of the network, we would be in a good position to start investigating the directions
of the edges.

At this point, we need to define clearly what we mean by “gene regulation”. Looking at figure 1, we
see that there is an edge betweenA andB. In our conventions, this means that either geneA regulates
geneB, or that geneB regulates geneA. Let’s assume that geneA codes for a transcription factor ofB, so
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thatA regulatesB. Moreover, the graph has the edge (B,C) and we will assume thatB codes for a protein
that repressesC by binding to its promoter, hence preventing the DNA Polymerase from transcribing
C’s sequence. As far as the network structure — or equivalently, its topology, or connectivity — is
concerned, we can sum up this situation as :

1. A regulatesB (direct regulation through protein - protein interaction)

2. B regulatesC (direct regulation through protein - DNA interaction)

3. therefore,A controls the expression ofC throughB (indirectly)

Here, we have to decide whether to include indirect control as edges in the graph — the (A,C) edge
for instance — or only draw edges when there is a direct interaction — (A, B) and (B,C) in the previous
example. In this work, we decidenot to represent indirect interactionin the graph. Indeed, shall we
represent them, the number of edges would be likely to be huge, making the resulting graph unreadable.
Furthermore, since we’re studying the gene regulatory network as a whole, it wouldn’t be surprising
that everything is connected to virtually everything by proxy. For instance, all genes depend on a DNA
Polymerase to be expressed, so if we drew edges corresponding to indirect interactions, we would end
up with a graph where each vertex is connected to all the other vertices. Such a graph doesn’t carry any
useful information to the experimentalist. Therefore, we decide that edges represent “regulation” in the
strong, direct sense.

Problem statement and previous work The direct vs. indirect regulation discussion naturally brings
us to the central problem of genetic regulatory network inference : we need a criteria to discriminate
pairs of genes that are in direct interaction from pairs whose expression profiles are similar because they
belong to the same regulatory pathway and therefore undergo indirect regulation. The direct interaction
we are interested in might take the form of a protein - DNA binding, of a miRNA-mediated regulation, or
any other form of interaction. The point is that we need to be able to detect direct regulation specifically.

In this work, we follow an information theoretic approach to the problem of direct regulation discrim-
ination. The mathematical background is standard graphical modelling theory and has been developed
by Whittaker (1990), Lauritzen, Edwards and other authors. The underlying idea is the following. Con-
sider the regulatory network represented by figure 1. Let’s say we design a microarray to measure the
expression level of the 4 genesA, B,C and D under various experimental conditions, e.g. nutritional
stress, heat shock, UV exposure,etc. We further make the same assumption as before, that is thatA is
an activator forB, which in turns repressesC. Because,A controlsC throughB rather than directly, we
would expect the expression profiles ofA andB to be more similar than those ofA andC. Similarly,
the expression profiles ofA andC should differ more than those ofB andC. At this point, Eisen et al.
(1998) steps in and suggests to build a dendrogram that uses correlation as a metric and pairs together
genes whose expression profiles are the closest. But instead of thinking in terms of distance, we could
think in terms of information flow. In this case, assuming the network of figure 1, we would expect the
expression profile ofA to provide us with more information about the expression profile ofB than about
C’s profile. In other words, given the profile ofA, it is harder to predictC’s profile thanB’s profile. The
ARACNE algorithm (Margolin et al., 2006) uses just this idea to remove indirect interactions from a
preexisting network : given expression profiles forn genes, it considers all possible gene tripletsA, B,
C and removes the edge between the least predictable pair of genes among the pairs (A, B), (B,C) and
(A,C).

ARACNE can only guarantee to recover the underlying regulatory network without error if both of
the two conditions following conditions are satisfied :

1. the network has the topology of a tree

2. there are only pairwise genetic interactions in the network. That is, N-way interactions with N>2
are negligible.

In contrast to that, Whittaker’s graphical model approach needs only the second assumption to be
satisfied. Another condition with both methods is that we are able to determine “predictability” in a
reliable fashion, but we’ll come back to it later.
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The network having the topology of a tree means that if we choose two genes arbitrarily in the
network, there is only one possible path from one gene to the other. That is, there are no loops in the
network. Given what is known about genetic regulatory networks, this has to be wrong. As for N-way in-
teractions, these occur in transcription complexes for instance, when N regulatory proteins bind together
with the DNA polymerase and the DNA, thereby regulating gene transcription. We therefore expect
these N-way interactions to be fundamental in genetic regulatory networks, but again, we will let the
question aside until section III and assume that there are only pairwise interactions. In practise though,
ARACNE seems to work better than other information theory-based approaches to genetic regulatory
networks reverse-engineering such as Butte and Kohane (2000) and general purpose Bayesian networks.

Graphical modelling and mutual independence We now turn to graphical modeling in order to an-
swer the following question : how can information theoretic quantities help us to infer the structure of
the regulatory network given microarray expression profiles ?

Let X, Y andZ be three variables taking real valuesx, y andz with probability density distribution
fX(x), fY(y), fZ(z). Let further fXY be the probability density function (pdf) of the joint variableXY.
Information theory (MacKay, 2003) definesmutual information I(X; Y) betweenX andY as

I (X; Y) =
∫
R2

fXY(x, y) log
fXY(x, y)

fX(x) fY(y)
dxdy (1)

Mutual information quantifies the stochastic dependence — or the degree of predictability — be-
tween two variables. Note that it dividesfXY (in the numerator) byfX fY (in the denominator). In other
words, it computes the ratio between the joint distributionfXY of (X,Y) and the product of the marginals
fX fY. Now, when the joint distribution equals the marginals, that is when∀x, y : fXY(x, y) = fX(x) fY(y),
we have stochastic independence betweenX andY. It can be shown using Jensen’s inequality that mutual
information is positive definite,i.e. I(X; Y) ≥ 0. Furthermore, it is possible to prove that

I (X; Y) = 0⇔ fXY(x, y) = fX(x) fY(y)

In plain English, mutual information is 0 if and only iffXY(x, y) = fX(x) fY(y), that is if X andY
are stochastically independent. The biggerI (X; Y), the more dependentX andY. Moreover, it can be
shown thatI (X; Y) generalizes Pearson’sχ2 test for independence in two-way contingency tables to all
distributions.

Butte and Kohane (2000) first used mutual information for genetic regulatory networks inference in
the following way : for all pairs of genes (Gi ,G j), they computedI (Gi ,G j). WheneverI (Gi ,G j) was over
a given threshold, they would connect the corresponding verticesGi andG j with an edge. However, this
approach doesn’t take into account the direct vs. indirect regulation problem ! Being part of the same
system, many pairs of genes tend to have information in common. Therefore, the network resulting from
this approach has many “false positives” in the sense that it draws many edges that actually correspond
to indirect interactions.

Fortunately, graphical modelling provides an answer to this problem. Going back to figure 1, it
wouldn’t be surprising thatI (A; B), I (B; C) andI (A; C) are all> 0 sinceA, B andC belong to the same
regulatory pathway and hence have to be stochastically related in some way. But let’s see what happens
if we computeI (A; C|B), that is the mutual information ofA andC conditioned onB defined as

I (X; Y|Z) =
∫
R3

fXY|Z(x, y, z) log
fXY|Z(x, y, z)

fX|Z(x, z) fY|Z(y, z)
dxdydz (2)

=

∫
R3

fXY|Z(x, y, z) log
fXYZ(x, y, z)

fX|Z(x, z) fY|Z(y, z) fZ(z)
dxdydz (3)

where fX|Z and fY|Z are the probability density functions ofX|Z andY|Z respectively. When we compute
I (X; Y|Z), we actually comparefXYZ to fX|Z fY|Z fZ. Figure 2 shows the possible interactions captured by
fXYZ and fX|Z fY|Z fZ.

Now, let us computeI (A; C|B). If we replaceX,Y andZ with A,C andB, figure 2 tells us that when
we computeI (A; C|B), we actually compare thefABC and fA|B fC|B fB probability density functions. The
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Figure 2: Comparing fXYZ and fX|Z fY|Z fZ. Left: possible pairwise interaction captured byfXYZ. Each node is
connected to all the other nodes.fXYZ actually also accounts for a 3-way interaction not shown on the picture since
we earlier hypothesized that there were no 3-way interactions. Right: possible 2-way interactions accounted for by
fX|Z fY|Z fZ. X is connected toZ which in turns is connected toY. But there is no edge connectingX andY. Unlike
fXYZ, fX|Z fY|Z fZ can’t account for any three-way interaction, so the picture faithfully represents all the possible
interactions captured by the distribution.

key insight here is that the two distributions can only be equal — or equivalentlyI (A; C|B) = 0 — if there
is no edge betweenA andC, i.e. there are no direct interactions betweenA andC. When this happens,
we say thatA andC areconditionally independentgivenB.

Hence, conditional independence enables us to differentiate direct interactions from indirect interac-
tions, which is just the problem we had to solve in order to be able to reverse-engineer genetic regulatory
networks !

However, we are not quite done yet because the conditional independence criteria may work well
for three variables, but what happens when we haven variables (genes), withn possibly being several
thousands ? Let us first look at figure 1 again and ask what happens if we computeI (A; C|B,D). From
figure 1, we see thatD is not connected to any other gene of the network and is thus unrelated toA, B
andC. So, providedA andC are conditional independent givenB, we would intuitively expect them
to be independent givenB and D, i.e. I(A; C|B,D). Whittaker (1990) proves that this is actually the
case. Furthermore, it provides the theory to generalize conditional independence to an arbitrary number
of variablesn. The outcome of the theory is that, provided we observe all variablesX1,X2, . . . ,Xn in the
system, we can test for direct interaction betweenX1 andX2 by computingI (X1; X2|X3, . . . ,Xn). In other
words, one computes the mutual information between the two variables of interest given all the others.
When this quantity is zero, there are no direct interactions but only indirect ones through other variables,
that is control by proxy. Note that testing whetherI (X1; X2|rest)= 0 is the graphical theoretic equivalent
to looking at the F-statistic of a two-way interaction effect when selecting a linear regression model.

So what’s the catch ? The mathematical theory of graphical modeling is well understood. But in
practice, estimating the conditional mutual information is not a trivial problem. For a pair of genes (i,
j), the critical quantity isI (Xi ; X j |rest) as exposed in the previous paragraph. But how do we actually
compute it ? One could use equation 2 or 3 directly, but in that case, we need to estimate the various
probability density functions since these are usually unknown.

Another way of computingI (Xi ; X j |rest) is from the entropies of the underlying variables. The en-
tropy H of a variableX with pdf fX is defined as

H(X) =
∫

fX(x) log
1

fX(x)
dx

and is related to mutual information through the following equality :

I (X; Y) = H(X) + H(Y) − H(X; Y)

Finally, the conditional mutual information ofX andY givenZ1,Z2, . . . ,Zn can be written as

I (X; Y|Z1, . . . ,Zn) = H(X,Z1, . . . ,Zn) + H(Y,Z1, . . . ,Zn) − H(X,Y,Z1, . . . ,Zn) − H(Z1, . . . ,Zn) (4)
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The calculation leading to this result is trivial and is given in section 3.1. Our goal here is not to
discuss the meaning of the equation but just to make clear thatI (Xi ; X j |rest) can be computed from the
entropies of the underlying variables. That is why it is critical to be able to estimate entropy in a reliable
way.

Unfortunately, this is not an easy problem, mainly because the pdff is not known and has to be
estimated. Kernel based density estimation methods are expected to perform poorly in this case because
we usually have little data compared to the number of genes. One way out is to choose the best-fittingf
from a narrow class of distributions,e.g. Gaussians. We then win nothing from choosing to use mutual
information over the correlation coefficient, but the problem becomes simpler and is known as Gaussian
Graphical Modeling (GGM). Schäfer and Strimmer (2005) propose a method to infer the genetic regula-
tory network by modeling expression levels with a multivariate Gaussian distribution and which works
in low sampling conditions. However, modeling gene expression with a Gaussian distribution doesn’t
allow non-linear dependencies such as saturation effects to be taken into account. Alternatively, we could
also start with a larger class of distributions but it then becomes difficult to fit a distribution because the
data is highly dimensional and we may hence have to estimate a lot of parameters with only little data.
In both situations, we may then end up having to make some strong assumption about the probability
density function.

The reader may be surprised to read that we mention alackof data, especially after we said in the first
paragraph that microarray experiments tended to generate a lot of data : aren’t there several thousands
of genes per microarray ? Actually, the problem comes from measuring too many genes compared to
the number of experimental conditions. Indeed, equation 4 tells us that in order to compute conditional
mutual information, we need to estimate the entropy of the joint distribution of all genes at some point.
The joint distribution of alln genes is supported by an-dimensional space.n being the number of
genes we include in the study, we would like it to be as large as possible, leading to a pathological
under-sampling situation due to the so-called “Curse of Dimensionality”. To fit such a high-dimensional
function, we would normally need much more thann points, which in the case of genetic regulatory
networks inference are experimental conditions !

To address this problem, instead of trying to estimate the joint pdf, we focus our attention on ob-
taining an estimator for its entropy that works even if we are in low sampling conditions,i.e. when the
number of microarray experiments is much smaller than the number of genes. To further reduce the
complexity of the estimation problem, we discretize expression levels inp levels — or bins in the multi-
nomial distribution terminology. This leads us to a multinomial model, where we only have to determine
multinomial proportions. Section II introduces a new entropy estimator for that case and compares it to
other entropy estimators.

To conclude this introduction, we will just summarize under what assumptions the conditional mutual
information based graphical modeling approach will be guaranteed to fully recover the genetic regulatory
network without errors :

1. there are only pairwise interactions between genes, that is N-way genes interactions with N>2 are
negligible

2. we are able to estimate the conditional mutual information without error

3. we observe all the genes from the cell on the microarrays,i.e. there are no missing data

If all three conditions are satisfied, the inferred network is guaranteed to reflect the genetic regulatory
interactions that occur under the experimental conditions.
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Part II

Entropy estimation

1 Introduction

Information theory has proved to be very useful in many fields : neuroscience (Makeig et al., 1997;
Strong et al., 1998), bioinformatics (Beerenwinkel et al., 2002), statistics (Whittaker, 1990), medical
image analysis (Meyer et al., 1997) and so on. One of the reasons that accounts for its generalized use
is that it provides a framework to quantify information in a very general sense, through quantities such
as the Shannon entropy or the mutual information (MacKay, 2003). The latter quantifies stochastic in-
dependence, in contrast to correlation which only quantifies orthogonality, that is linear independence.
Stochastic independence and uncorrelation are equivalent only with multivariate Gaussian distributions,
while mutual information is generalized measure of stochastic dependence and is valid with any distri-
bution.

In cases where one has many data points, it is quite easy to estimate entropy reliably. However, in
under-sampled problems, the estimation problem becomes quite challenging. Low sampling conditions
can’t always be avoided and may be intrinsic to the the scientific question or to the experimental method.
For instance, let’s say we want to compute the entropy of a language from a book written in that language.
The language is necessarily made of many more words than a book may contain, which leads to under-
sampling. Or, if one is interested in computing the entropy of high-dimensional datasets, under-sampling
may occur rapidly through the curse of dimensionality.

The entropy and mutual information estimation problems have a long history. Beirlant et al. (1997)
reviews non-parametric entropy estimation methods. Despite the theory being more than 50 years old,
the estimation problem in low sampling conditions is still an open problem. Here we present a new
type of estimator that is obtained by shrinking the maximum likelihood estimates towards the maximal
entropy target. This improves the precision of the maximum likelihood estimator by reducing its bias.
The shrinkage intensity is analytically chosen so as to minimize the mean square error (MSE) of the
resulting estimator.

2 Estimation of the Shannon Entropy

Let’s consider an experiment withp possible outcomesB1, B2, . . . , Bp. We defineθi as the probability
for Bi to occur, fori = 1,2, . . . , p. Taken together, theθi form a vectorθ =

(
θ1, θ2, . . . , θp

)
. Since

B1, B2, . . . , Bp are the only the possible outcomes and that one of them has to occur every time we
perform the experiment, we require

∑p
i=1 θi = 1.

The Shannon entropy of the resulting discrete distribution is defined as

H(θ) = −
p∑

i=1

θi log(θi)

If we renew this experimentn times, we will observe thatBi occurredyi times. Equivalently, we can
look at it as an experiment wheren objects are spread onp bins, the probability for each object to land
in bin Bi beingθi . At the end, we count how many objectsyi landed in each binBi , which gives us the
count vectory =

(
y1, y2, . . . , yp

)
.

In this case, countsy can be modeled using a multinomial distribution with parametersθ1, θ2, . . . , θp
and

∑p
i=1 θi = 1. The probability of observing a given vector of countsy given the bin probability vector

θ is thus

Prob(y; θ) =
n!∏p

i=1 yi !

p∏
i=1

θ
yi
i (5)

provided
∑p

i=1 yi = n.
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As far as parameter estimation is concerned, fitting a multinomial(θ) distribution to the observed
countsy consists in estimatingp parameters fromn observation.

2.1 Maximum likelihood multinomial proportions

At present time, entropy estimation from maximum likelihood multinomial proportions estimates seems
to be the most popular method in the literature (see Meyer et al., 1997; Ong and Chen, 1999; Beeren-
winkel et al., 2002, for instance). It it sometimes to be found under the name “histogram technique”
(Butte and Kohane, 2000). It is the most intuitive as well. One accumulates bin counts and then, for each
bin, one determines an estimate of the multinomial proportion by dividing the number of counts that fell
into the bin by the total number of counts :

θ̂ML
i =

yi

n
It can be shown that this corresponds to the maximum likelihood (ML) estimate of the multinomial

proportions. In other words, the empirical frequencies are the ML estimate. The variance of the ML
estimator of multinomial proportions is Var(θ̂ML

i ) = θi (1−θi )n . Furthermore, the estimator can be shown to
be unbiased : Bias(θ̂ML

i ) = 0 asE(θ̂ML
i ) = θi .

For large sample sizes this estimator enjoys many optimality properties because ML is the optimal
method to summarize the data and it is also a good method for inferring the true model (e.g. Efron,
1982), but only for largen/p. Likelihood inference is only an asymptotic theory : for moderate to small
ratiosn/p, the ML estimator is suboptimal and in the case of multinomial proportions estimation, it may
not deal well with zero counts. One can then obtain improved estimators through regularization and by
appealing to the Bayesian framework for instance. Another strategy for obtaining a better estimator is to
reduce the Mean Squared Error (MSE). In the case of the multinomial proportions estimation problem,
ML estimates have no bias but large variance. As a result, the MSE is entirely due to the variance.
Thus, the overall accuracy can be greatly improved by deliberately introducing some bias in the ML
estimator (Stein, 1956; Efron, 1975).

ML entropy estimateĤML is obtained by plugging the ML multinomial proportions estimates in the
definition of the Shannon entropy :

ĤML (y) = −
p∑

i=1

θ̂ML
i log θ̂ML

i

It is well known that ML estimates have a strong negative bias when probabilities are evenly spread
out, that is it severely underestimates the true entropy (Paninski, 2003).

This straightforward to understand : ML sets cell probabilityθi to 0 if no sample land in theBi bin
(yi = 0). In the case of under-sampled multinomial distributions where cell probabilitiesθ are spread out
evenly enough, this results in setting cell probabilities to 0 while they are not. As a result, the estimated
distribution looks less informative than it really is. The large MSE ofθ̂ML

i then propagates to the estimate
of H. But this time, the error is mostly in the bias (note that if the estimator forθi is unbiased, thenθi logθi
cannot be unbiased).

To tackle this problem, a posteriori bias corrections for the entropy computed from ML count proba-
bilities have been suggested (for instance Miller, 1955; Paninski, 2003). An alternative route is to try to
estimate the underlying distribution as precisely as possible, and only then apply the above definition of
H. Using a biased estimator ofθ with minimum MSE would lead to a plug-in entropy estimator that also
has to belessbiased.

2.2 Bayesian multinomial proportion estimators (Dirichlet prior)

Obtaining improved regularized estimates with better MSE properties than the ML estimator is standard
Bayesian folklore. The usual approach (for instance, see Gelman et al., 2004) is to assume a Dirichlet
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prior with parametersa1,a2, . . . ,ap :

f (θ; a1, . . . ,ap) =
Γ
(∑p

i=1 ai

)
∏p

i=1 Γ (ai)

p∏
i=1

θai−1
i δ

1− p∑
i=1

θi

 (6)

whereδ, defined as

δ(x) =

1 if x = 0

0 otherwise

ensures thatθs sum up to 1.
The Dirichlet distribution is the conjugate prior to the multinomial distribution, so the posterior is

also Dirichlet-distributed with mean
θ̂

Bayes
i =

yi + ai

n+m
(7)

wherem =
∑p

i=1 ai . Note that using a Dirichlet prior with parametersai is equivalent to addingai ≥ 0
“pseudo-counts” to each of thep cells for regularization. With the prior, we actually provide the estimator
with the information thatai counts have been observed in previous experiments. From that viewpoint,m
becomes thea priori sample size.

Common choices forai includeai =
1
p, ai =

1
2, ai = 1, andai =

√
n

p for i = 1, . . . , p (Fienberg and
Holland, 1973; Geisser, 1984; Santner and Duffy, 1989). The above assignments ofai are all plausible
as non-informative priors. For instance, settingai = 1 for i = 1, . . . , p corresponds to assuming a prior
distribution of multinomial proportions which peaks when these proportions are uniform — the classic
Laplace solution — andai = 1/2 is equivalent to using Jeffreys’s prior (Jeffreys, 1946).ai = 0 gives the

ML solution, andai =
√

n
p provides the minimax estimator. Most of them have been used to estimate

entropy : ai = 0 in Meyer et al. (1997); Ong and Chen (1999); Beerenwinkel et al. (2002),ai = 1 in
Chiu and Kolodziejczak (1991),ai =

1
2 in Krichevsky and Trofimov (1981), and1p in Schürmann and

Grassberger (1996).
Note that the binomial case (p = 2) is included in the multinomial-Dirichlet framework : if we take

the multinomial-Dirichlet model and setp = 2, we obtain the common binomial-beta model.
Since we have noa priori reason to use differentai , i = 1, . . . , p, from now on, we will assume

a1 = . . . = ap = a and refer to the corresponding Dirichlet distribution as to “Dirichlet(a)”. Under this
assumption, the multinomial proportions estimator can be written

θ̂
Bayes
i =

yi + a
n+ pa

which leads to the following entropy estimator :

ĤBayes= −

p∑
i=1

θ̂
Bayes
i log

(
θ̂

Bayes
i

)
We call this class of estimators Dirichlet prior based entropy estimators. Unfortunately, if we try to see
how well they perform, we get very unpleasant results.

Figure 3 provides a striking picture : Dirichlet prior based entropy estimators perform very well
in some cases but can also completely break down depending on the characteristics of the multinomial
distribution we sample from. The cause for this behavior was clearly pointed out by Nemenman et al.
(2002) : multinomials whose bins probabilities are sampled from a Dirichlet(a) tend to have very closely
distributed entropies, with variance vanishing with growingp. In other words, givena, the distribution of
the entropy of multinomial whose cell probabilities are sampled from a Dirichlet(a) distribution is very
spiky (see figure 5). Furthermore, the authors noticed that the average entropy of multinomials with cell
probabilities sampled from Dirichlet(a) distributions moves from 0 to the maximumlog2(p) asa moves
from 0 to∞. Finally, their work showed that the prior tended to dominate entropy estimates even after
the data had been observed. This behavior can be observed in figure 3 : for the Dirichlet(15) case, a poor
choice ofa such asa = 1

p causes a strong and persisting bias in the estimated entropy untiln/p ≥ 5.
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Figure 3:Comparing the performance of the maximum likelihood (a = 0), Schürmann & Grassberger (a = 1
p),

Jeffrey (a = 1
2), Laplace (a = 1) and minimax (a =

√
n

p ) Dirichlet prior based multinomial proportion estimators for
the 100 bins case, as a function of the number of samples we take from the distribution. Note that for the entropyH,
we have 0≤ H ≤ log2(p), with log2(100)' 6.64. 1500 repetitions were performed for each sampling condition and
each estimator. First row : 100-dimensional cell probability vectors were sampled from a Dirichlet(a) distribution
with a = .005. A typical multinomial probability distribution is shown in the first column. The Mean Square
Error (MSE) of estimated multinomial proportions and entropy as well as the bias of each of the 5 estimators are
plotted in the second, third and fourth column. Second row : same as the first row, except 100-dimensional cell
probability vectors were sampled from a Dirichlet(a) distribution witha = 15 resulting in multinomials whose
typical proportions are shown in the first column. Note how the maximum likelihood, the 1/p and the minimax
estimators perform well whena = .005 (first row) but break down whena = 15 (second row). Swapping theas, the
same can be said about the Laplace and 1/2 estimators. More details about the simulations are given in section 4.

2.3 The Nemenman-Shafee-Bialek (NSB) prior

This suggests a way of removing the bias by building a prior on multinomial proportionsθ — in other
words, a probability density functionfNSB(θ) — that is suitable for the problem of entropy estimation.

Remember we are interested in the entropy of a multinomial distribution withp cells and cell pro-
portionsθ =

(
θ1, θ2, . . . , θp

)
. With the entropy estimator based on Bayesian estimation of multinomial

proportion we had

ĤBayes= −

p∑
i=1

θ̂
Bayes
i log

(
θ̂

Bayes
i

)
whereθ̂Bayes

i are obtained by computing the maximum a posteriori (MAP) estimate of

Prob(θ | y) =
Prob(y | θ) Prob(θ)

Prob(y)

having

Prob(y|θ) = multinom(y; θ)

Prob(θ) = Dirichlet(θ; a)

The problem with this model is that if we haveθ ∼ dirichlet(a), thenH(θ) ' g(a) with g some function
defined on positive reals (see figure 5). Moreover, if we additionally havey ∼ mutlinom(θ), in low-
sampling conditions ofy (smalln), it remains true that̂HBayes(y) ' g(a). To put it in a nutshell, choosing
ana almost completely determines the value ofĤBayes.

To solve the problem, the NSB approach replaces the troublesome Dirichlet prior with a different
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prior fNSB(θ) that is constructed so that the distribution ofH(θ) is close to being uniform. ThefNSB(θ)
prior attempts to spread the probability density ofH(θ) on the whole

[
0, log2(p)

]
interval with near

uniformity instead of the distribution being spiky like in the Dirichlet case. Details about the NSB
method can be found in Nemenman et al. (2002) and Nemenman et al. (2004).

According to the authors, the resulting estimator beats by far the entropy estimators which are based
on Dirichlet priors. This was confirmed by our simulations (see section 4). However, the method suffers
two drawbacks. First of all, it is suboptimal when data come from a smooth distributions, such as a
Dirichlet(a) with a > 10. Second, using the default precision setting, it is time-consumming to compute
in spite of being the only method implemented in C++ among all the methods benchmarked in this paper
(see figure 5). Being slow can be harmful if one wants to make large-scale entropy estimatations. In a
machine learning context, it also makes it more difficult to run large-scale simulations and hence assess
the performance of an algorithm that uses this method.

2.4 Shrinkage estimate of multinomial proportions

Another way of removing the bias is to make a wise decision when pickinga, which is the underlying
idea of the shrinkage estimator. Consider the following equation :

θ̂shrink
i = λti + (1− λ)ui = λ

ai

m
+ (1− λ)

yi

n
(8)

where i ∈ {1, . . . , p} andλ ∈ [0,1] is the shrinkage intensity, whereλ = 0 means no shrinkage and
λ = 1 indicates full shrinkage.ui is the unregularized ML estimate,ti =

ai
m is the shrinkage target and

m=
∑p

i=1 ai . For equalai (a = a1 = a2 = . . . = ap), the target reduces toti = 1
p :

θ̂shrink
i = λ

1
p
+ (1− λ)

yi

n
(9)

Equation 8 combines two estimatorsti andui in a weighted average. The targett has no variance
but high bias, whereas the unregularized estimateu has large variance but is unbiased. The advantage of
shrinkingu towardst is that the resulting estimator outperforms either of the individual estimates both in
terms of accuracy and and statistical efficiency.

There is an intrinsic connection with the Dirichlet prior based estimator : if we setλ = m
n+m then

θ̂shrink
i = θ̂

Bayes
i . Hence, there is a one-to-one correspondence betweenλ anda. For any choice of pseudo-

countsa in the Dirichlet(a) prior, there is an associated shrinkage intensity, and conversely :

a =
n
p

(
1− λ
λ

)
(10)

2.4.1 Choosing the optimal shrinkage intensity

The primary drawback of the Dirichlet prior based approach is that there is no obvious way to select a
reasonable prior, may it be formalized in terms of pseudo-counts (see equation 6) or in terms of shrinkage
intensityλ (see equation 8). One way out is to avoid making a specific choice of pseudo-countsa by
considering a weighted average such as

θ̂ =

∫
b>0
π(b)

yi + b
n+ pb

db

whereπ(b) is some suitable distribution for the common pseudo-countb. In the Bayesian interpretation,
this corresponds to using a mixture of Dirichlets as prior. Leonhard (1977) recommends usingπ(b) =

n−1
log(n)(b+1)(b+n) .

Another idea is to estimate the shrinkage intensity analytically from the data. Here we suggest an
approach that makes no assumption about the prior distribution, only about the existence of the first two
moments of the sampling distribution of the unconstrained estimator.

A key question in this procedure is how to select an optimal value for the shrinkage parameter. Let
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us consider explicitly minimizing a risk functionR(λ)

R(λ) = E {L(λ)} = E

 p∑
i=1

(θ̂i − θi)
2

 (11)

The key insight is that this can be done analytically. It can be shown (Schäfer and Strimmer, 2005;
Gruber, 1998) that the value ofλ which minimizes the risk is

λ? =

∑p
i=1 Var(ui) − Cov(ui , ti) + Bias(ui) E(ui − ti)∑p

i=1 E
{
(ui − ti)2} (12)

Note that, givenλ?, appealing to equation 10, we could compute the equivalenta? parameter for the
Dirichlet prior approach.

2.4.2 Shrinkage Estimator of Cell Probabilities

We can now directly apply the previous ideas to the problem of estimating bin probabilitiesθ. Let ui =
yi
n

be our unconstrained estimate (the ML estimate in the present case). Let furtherti = 1
p be our target,

which corresponds to theθ for which the entropy is maximal.
As Bias(ui) = 0 and plugging-in the unbiased estimator̂Var(ui) =

ui (1−ui )
n−1 in equation 12, we obtain

the following shrinkage estimator :

θ̂shrink
i =

λ̂? 1
p + (1− λ̂?)yi

p if λ̂? < 1
1
p if λ̂? ≥ 1

with

λ̂? =

∑p
i=1 V̂ar(ui)∑p

i=1(ti − ui)2
=

p(n2 − w)
(n− 1)(pw− n2)

. (13)

andw =
∑p

i=1 y2
i . For p = 2 (binomial case) the above equations reduce to the following:

θ̂shrink
i =

 yi
n−1

2yi−n−1
2yi−n if λ̂? < 1

1
2 if λ̂? ≥ 1

with

λ̂? =
4y1y2

(n− 1)(y1 − y2)2

This estimator is consistent, that is the more data is available, the closer the estimator gets to the true
value. Furthermore, for finite sample size, each estimateθ̂shrink

i > 0. As we will see below, it is more
efficient than the competing estimators in the sense that the same sample size its MSE is smallest. Finally,
note that in the proposed analytic shrinkage estimate, the underlying distribution is moved towards the
distribution of maximal entropy, which should specifically removes the bias in H.

2.4.3 ZIPshrink and ZINBshrink

As discussed in the previous section, using the shrinked estimator of multinomial proportion is expected
to remove the bias on the resulting entropy estimator even when the distribution is under-sampled. How-
ever, simulations tend to indicate that the shrinkage fails when many cells have a small or a 0 probability.

The ZIPshrink and ZINBshrink estimators attempt to fix this undesired behavior by first estimating
what is the fraction of the cells associated with a near zero probability. ZIPshrink and ZINBshrink take
into account the fact that some cells may have no counts because we under-sampled the distribution
while others may have no counts because their probability is close to 0. In other words, ZIPshrink
and ZINBshrink attempt to decide what fractionq of the cells have 0 counts due to their underlying
probability being too close to 0, not because of the low-sampling conditions. To do that, ZIPshrink
models the number of cells havingk counts using a Zero-Inflated Poisson (ZIP) distribution.
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The Zero-Inflated Poisson distribution can be understood as a mixture of a zero-valued distribution
and a Poisson distribution. The Poisson distribution is a standard model when it comes to analyzing
count data. So ZIP models are to be found in cases where the data exhibits a Poisson behavior but also
features an excessive amount of zero counts. For instance, Lambert (1992) applies ZIP-regression to
the quality-control field, modelling the number of defective items from a manufacturing equipment that
could either be in a state where it would produce items with no defects at all, or in a state where the
number of these defects would be Poisson-distributed.

Let X be a ZIP-distributed random variable, that is,X = 0 with probabilityq

X ∼ Poisson(λ) with probability 1− q

If we call fX(k; q, λ) the probability density function ofX, we have

fX(k; q, λ) =

q+ (1− q)e−λ if k = 0

(1− q)e−λλk

k! if k > 0

Furthermore, ifx1, . . . xn are independent and identically-distributed (iid) realizations ofX, the log-
likelihood of the data is

L(q, λ; x1, . . . , xn) = c0 log
(
q+ (1− q)e−λ

)
+ c1 log(1− q) − c1λ +

∑
i

xi log(λ) −
∑

i

logΓ(xi + 1)

wherec0 is the number ofxi that are 0 andc1 is the number ofxi with xi > 0.
The model is the following. Let’s assume that a fractionq of the p cells have a 0 probability, that

is θi = 0. After we samplen times from the multinomial(θ) distribution, there will be a numbern0 of
cells that end up with 0 counts. If we consider one of these cellsyi , there can be two reasons for it to be
empty. Eitherθi = 0, that is the distribution parameters prevent any count from landing in bini. Or there
were too few samples taken from the distribution, and bini was just not “lucky” enough to get one of the
counts. The first possibility is accounted for by the 0 part of the ZIP distribution while the Poisson part
accounts for the second case.

We compute the maximum-likelihood estimates ofq andλ given the cell counts. Figure 4 shows a
typical fitted ZIP distribution from our simulations. Then, according to our model,q is the fraction of
structural 0 is our data. Therefore, we expectqp θis to be 0s, wherep is the number of bins. ZIPshrink
just takes theseqp zeroes out and shrinks the maximum-likelihood estimates of the remaining (1− q)p
fraction of bins towards 1

(1−q)p instead of1
p as was done in section 2.4.2. In other words, we adapt the

target of the shrinkage estimator and choose which cells are to be shrinked. Note that ZIPshrink reduces
to the shrinkage method whenq = 0.

ZINBshrink follows a similar principle, but models the number of cells havingk counts with a Zero-
Inflated Negative Binomial (ZINB) distribution instead of a ZIP. Just like Poissons, Negative-Binomial
distributions are supported by non-negative integers and are commonly used in a statistical analysis of
count data. But, while Poisson(λ) distributions have mean and variance equal toλ, Negative-Binomials
on the other hand allow to model so-called over-dispersed variables where the variance exceeds the
mean. When it comes to estimating the fraction of structural zeroes in a multinomial distribution, using
a Negative-Binomial distribution instead of a Poisson distribution should give more flexibility to our
estimator and allows it to better model count data. Finally, note that because a Negative Binomial distri-
bution allows variance to exceed the mean, the estimated fractionq of structural zeros tends to be higher
for ZINB than ZIP. We thus expect the ZINBshrink entropy estimates to be lower than the ZIPshrink
estimate (see figure 4 for a visual intuition of why this is true).

The probability density function of Negative-Binomial-distributed variableZ is

fZ(k; s, r) =
(r + k− 1)!
k!(r − 1)!

sr (1− s)k

and models the number of failuresk until r successes in a series of Bernoulli experiments with individual
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Figure 4:Fitting Zero-Inflated Poisson and Zero-Inflated Negative Binomial distributions. Top row: Estimation
of the fraction of structural zeros in a Half-Dirichlet(10) distribution obtained by setting half the multinomial
proportions to 0 and sampling the remaining half from a Dirichlet(10). Aθ vector of multinomial proportions from
a Half-Dirichlet(10) is shown on the left, with bins on thex-axis and cell probabilities on they-axis. Takingn = 60
samples from that distribution, we obtain the histogram on the right. This histogram tells us what fraction of the
p = 40 bins haveyi = 0 counts after sampling, what other fraction of them has 1 count, 2 counts, and so on up to 7
counts. In the present case, it is observed that almost 20% of the 40 bins have 4 counts while less than 10% have 1
count. The blue dots show the maximum-likelihood fit of a Zero-Inflated Poisson (ZIP) distribution while the red
dots show the corresponding Zero-Inflated Negative Binomial (ZINB). Finally, the horizontal line in the 0 counts
bar represents the number of zero counts expected under a ordinary Poisson or Negative Binomial distribution. In
other words, everything between this horizontal line and the dot on top of the bar is considered to be structural
zeros by the ZIP/ZINB distribution. Note that in this case, the estimated fraction of structural zerosq is close to
the real value 0.5 for both the ZIP and the ZINB. Bottom row: Same as the top row, except we sample multinomial
proportionsθ from a Dirichlet(10), that is, there are no structural zeros. As can be seen, the dot and the line in the
zero-count bar overlap both for the fitted ZIP and ZINB distributions. This means that the estimated fractionq of
structural zeros in the underlying multinomial is 0, consistent with the assumptions of the simulation.
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probability of successs.
Let X be a ZINB-distributed random variable, that is,X = 0 with probabilityq

X ∼ NegBin(s, r) with probability 1− q

Thus, if we call fX(k; q, s, r) the probability density function ofX, we have

fX(k; q, s, r) =

q+ (1− q)sr if k = 0

(1− q) (r+k−1)!
k!(r−1)! sr (1− s)k if k > 0

Furthermore, ifx1, . . . xn are independent and identically distributed (iid) realizations ofX, the log-
likelihood of the data is

L(q, s, r; x1, . . . , xn) = c0 log
(
q+ (1− q)sr ) + c1 log(1− q) +

∑
i|xi>0

logΓ(r + xi)

+ c1r log(s) +
∑

i|xi>0

xi log(1− s) −
∑

i|xi>0

log(xi !) − c1 logΓ(r)

wherec0 is the number ofxi that are 0 andc1 is the number ofxi with xi > 0.
Apart from using a different underlying model, ZINBshrink proceeds just like ZIPshrink. It first fits

a ZINB distribution to the number of bins havingk to estimate the fractionq of structural zeroes in the
data. Then, ZINBshrink trimsqp zeroes from the data and computes shrinked multinomial proportions
on the rest.

Provided enough samples are provided for the ZIP or ZINB distribution to be fitted, one would
expect that removing structural zeroes from the data before shrinking the multinomial proportions helps
removing the positive bias on the resulting entropy estimator. Whereas in the case where no cell has a
quasi-zero probability, ZIPshrink and ZINBshrink are theoretically equivalent to the shrinkage method.

3 Estimating mutual information

The mutual information between two random variablesX andY is defined as :

I (X; Y) = H(X) − H(X|Y) (14)

H(Y|X), the conditional entropy ofY givenX can be written as

H(Y|X) = H(X,Y) − H(X) (15)

Substituting in the definition of the mutual information, we obtain

I (X; Y) = H(X) + H(Y) − H(X,Y) (16)

which shows that mutual information is the difference between the information provided byX andY
taken separately and the information provided byX andY together. Mutual information thus represents
the redundancy betweenX andY. Hence, if the mutual information is 0,X andY have no redundancy
and are independent.

As opposed to the correlation coefficient which is another measures of association between random
variables, the mutual information is positive definite for discrete variables. LetρXY be the correlation
coefficient betweenX andY,

ρXY =
cov(X,Y)
√

var(X)var(Y)

If X andY follow a bivariate Gaussian distribution, we have

I (X; Y) = −
1
2

log
(
1− ρ2

XY

)
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In expression 16,H(X) and H(Y) can be estimated as explained in the previous subsection. As for
H(X,Y), let Z be the joint random variable (X,Y), and suppose dim(X) = dim(Y) = p. Then,

Ĥ(X,Y) = Ĥ(Z) = −
p∑

i, j=1

θ̂
(
zi j

)
log θ̂

(
zi j

)
wherezi j are the bin counts from the joint random variables. The parameters of theθ̂ estimator have
parameters have to be updated in order to take into account that instead ofp bins andn samples, we now
havep2 bins andn samples. Hence, if we follow this approach, we have to keep in mind that mutual
information is much harder to estimate than entropy.

3.1 Conditional mutual information

The previous computations can be extended to conditional mutual information, which quantifies condi-
tional independence. The conditional information between random variablesX andY given Z can be
defined as

I (X; Y|Z) = H(X|Z) − H(X|Y,Z)

= H(X|Z) + H(Y|Z) − H(X,Y|Z)

= H(X,Z) + H(Y,Z) − H(X,Y,Z) − H(Z)

In the theory of graphical models (Whittaker, 1990), one is generally interesting interested in conditional
independence between two variablesX, Y given all the othersZ1,Z2, . . . ,Zn. As far as conditional mutual
information is concerned, this transposes to

I (X; Y|Z1, . . . ,Zn) =H(X|Z1, . . . ,Zn) − H(X|Y,Z1, . . . ,Zn)

=H(X|Z1, . . . ,Zn) + H(Y|Z1, . . . ,Zn) − H(X,Y|Z1, . . . ,Zn)

=H(X,Z1, . . . ,Zn) + H(Y,Z1, . . . ,Zn) − H(X,Y,Z1, . . . ,Zn) − H(Z1, . . . ,Zn) (17)

4 Results

To assess how efficient estimators are, we did simulations an synthesized datasets.

4.1 Simulations setup

Simulations ran on a Dual-CPU AMD Opteron 2.4 GHz machine with 7 GB working memory, although
implementations of shrinkage based estimators do not currently use SMP features and neither does NSB
to our knowledge. We used nsb-entropy 1.1 C++ implementation of the NSB method and implemented
the shrink, ZIPshrink, ZINBshrink estimators in R 2.3.1 (R Development Core Team, 2006). Figure 5
(left plot) compares running time for various estimators.

Paninski wrote a series of articles with interesting analytical results on the existence of a consistent
entropy estimator for the case wheren/p is bounded (Paninski, 2004) and deriving the so-called “Best
Upper Bound (BUB)” entropy estimator (Paninski, 2003) which is a significative improvement over
Miller’s formula. However, BUB tended to perform bad in our simulations so we don’t plot it here.

When it comes to choosing a number of binsp, what matters is not as much the absolute sizep as
the samples per bin ration/p (Miller, 1955). We chose to fixp = 100 and letn gradually vary from
very under-sampled regimes (n = 5, that is an average of.05 samples per bin) to oversampled regimes
(n = 1000, or 10 expected samples per bin). Doing so enables us to check the convergence rate as
well as the consistency of the benchmarked estimators. We madeR = 500 repetitions resulting inR
entropy estimateŝHk for each combination of sampling regime, estimator and underlying cell proportion

distribution. From these estimates, we estimated the MSE with1
R

∑R
k=1

(
Ĥk − H

)2
and the bias with

1
R

∑R
k=1 Ĥk − H.
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Figure 5:Left: Running time for different entropy estimators. Simulations ran while no other user was running
jobs on the node. Multinomial proportions were sampled from a Dirichlet(.02) distribution, withp = 100 bins.
250 repetitions were performed with 5, 35, 100 and 1000 samples from multinomial distributions resulting in
computing a total of 1000 entropy estimates. ML is included as a reference (total runtime is 1 s). Shrink is just as
fast as ML as the total runtime is 1s too. ZIPshrink begins with a two-dimensional grid search for the maximum
likelihood, then optimizes it with L-BFGS-B (Byrd et al., 1995) and so does ZINBshrink. However, ZINBshrink is
about 10 times slower than ZIPshrink because the Negative Binomial distribution has two parameters instead of one
for the Poisson, which slows the preliminary grid search step down. Finally, the C++ implementation of NSB is
100 times slower than ZIPshrink and 9 times slower than ZINBshrink. Right: Entropy distribution of multinomials
whose proportions are sampled from different Dirichlet(a) priors. The curves were obtained for multinomials with
p = 100 bins, so the infimum for the entropy is 0 while the supremum is' 6.64. Entropy densities were estimated
from 10000 repetitions using a Gaussian kernel. Note that fora = 5, the entropy distribution is close to being aδ
function : the prior determines the entropy. The effect attenuates asa→ 0 but it stills is very strong fora = .4, as
the entropy of the resulting multinomials is comprised between 5 and 5.8 — only 12% of the possible range.

In the present simulations, theθ multinomial proportions vector is sampled from three different
distribution types. These are :

Dirichlet Multinomial proportionsθi , i = 1, . . . , p are sampled from a Dirichlet(a) distribution (see
equation 6).

θ =
(
θ1, . . . , θp

)
∼ Dirichlet(a)

Then, we generate counts by drawingn samples from the resulting multinomial(θ) distribution :

y =
(
y1, . . . , yp

)
∼ multinomial(θ)

and hence, we have
∑p

i=1 yi = n. Finally, entropy is estimated from the countsy, and the whole
cycle starts again until the required number of repetitions has been performed. We then turn on to
the next sampling condition, perform the required number of repetitions, and so on.

For the parametera, we choosea = 0.005, a = 1 anda = 10 because very differentθ random
vectors occur under these values. Typicalθ vectors sampled from Dirichlet(a) are plotted on figure
6 for differentas. Whena = .005, the Dirichlet distribution privilegesθ vectors for which the
probability is concentrated in a few bins while the remainingθis are near-0. Empirically, smaller
values ofa tend to giveθs which are so close to 0 that they break the floating-point number
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representativity limit. As a result, R turns these multinomial proportions into NAs, which in turns
makes it impossible to use the resultingθ vector as probability vector for subsequent multinomial
sampling. Under Dirichlet(1), allθs are equally likely as can be seen from the definition of the
Dirichlet distribution (see equation 6). The distribution is then “neutral” in the sense that it does
not privilege anyθ in particular. Note that this doesn’t imply thatθ1 = . . . = θp ! For a = 10 finally,
it becomes very unlikely to have somei with θi close to 0. Dirichlet(10) tends to preferθ vectors
which haveθis close to one another. The biggera, the closer Dirichlet(a)-sampledθ vectors get to
the uniformθ (θi = 1

p, i = 1, . . . , p).

Half-Dirichlet We call “half-Dirichlet” an equal mixture of two distributions, where half the bin prob-
abilitiesθ are set to 0 and the rest is Dirichlet(a) distributed. We seta = 10 to ensureθi = 0 for
half the cells andθi � 0 for the rest. We then proceed like in the Dirichlet case. This distribution
enables us to test how estimators deal with structural zeros.

Zipf Multinomial proportionsθ are set to

θi =
1

i
∑p

k=1
1
k

for i = 1, . . . , p, resulting in theith multinomial proportion to be inversely proportional toi. Em-
pirically, the Zipf distribution occurs in various disciplines such as linguistics (the most frequently
used word is used nearly twice as much as the second most used word, almost three times as much
as the third most used word,etc.) or economics (wealth repartition, where the richest person is
about twice as rich than the second richest, roughly three times as rich as the third richest person,
and so on). Because it tends to be common in “natural” phenomena, it is interesting to study how
entropy estimators perform when we sample from this distribution.

For simulations, we proceeded just like in the Dirichlet case, except theθ parameter to the multinomial(θ)
was the same for all the repetitions instead of changing from repetition to repetition.

In total, we simulated multinomial proportions from 5 distributions : Dirichlet(0.005), Dirichlet(1),
Dirichlet(10), Half-Dirichlet(10) and Zipf.

4.2 Entropy

Figure 6 summarizes the results for the three Dirichlet distributions. Figure 7 on the other hand shows
how estimators perform in the Half-Dirichlet and Zipf cases.

Remember that the MSE of Dirichlet prior based entropy estimators introduced in section 2.2 was
commonly oscillating between 5 and 30 (see fig. 3). Plotting these estimators together with shrink,
ZIPshrink, ZINBshrink and NSB would make the latter look like a 0 horizontal flat-line since these
estimators have an MSE of less than 4 in the worse case. That is why we don’t plot Dirichlet prior based
estimators any further in these simulations.

5 Discussion

First of all, simulations showed that the usual Bayesian priors are no good choice for under-sampled data
because they are too picky about the prior. Choosing a bad prior on multinomial proportions may result
in very bad multinomial proportions estimates and, consequently, to erroneous entropy estimates.

We have proposed a simple but statistically highly efficient shrinkage estimator of count probabilities
and entropy. The resulting entropy estimator performs well for both smalln (under-sampling) and large
n. With this method, no parameters need to be specified and no specification of prior distribution is
required either. At the same time, estimates remain very simple to compute. However, the estimator
tends to perform poorly on distributions which are not smooth because probability is concentrated in just
a few bins.

We then proposed a way of generalizing the estimator to distributions on which the shrinkage esti-
mator fails. We achieve this by estimating the fraction of structural zeros in the data with a Zero-Inflated
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Figure 6:Assessing the performance of entropy estimators on multinomials with various Dirichlet(a) distributed
cell probabilities. The left column shows typical cell probabilities fora = .005,1 and 10. Note how cell probabil-
ities get closer to one another asa grows. The middle column shows the MSE and the right column has the bias.
For a ≤ 1, the entropy varies too much from repetition to repetition for the asymptotic regime to be reached in the
bias with just 500 repetitions. NSB is good whena is small but deteriorates asa grows because it has a negative
bias. On the other hand, the Shrinkage proportions estimator betters asa grows but has a persisting positive bias.
ZIPshrink which first trims structural zeros before shrinking the proportions allows the MSE to stay under 2.0 even
in the most under-sampled regime and helps getting rid of the bias. Finally, ZINBshrink looks good, but only if we
have a reasonable amount of samples (n ≥ 20).
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Figure 7:Assessing entropy estimators efficiency on multinomials with half-Dirichlet(a) and Zipf distributed cell
probabilities. The plots in the three columns were made as in figure 6. NSB performs best on the half-Dirichlet
distribution, though ZIPshrink is just as good forn ≥ 30 according to the MSE and has no bias. ZINBshrink seems
to become reliable whenn ≥ 30, but is not as good as ZIPshrink with shrink being the worst of the 4 estimators in
this case. On the other hand, shrink and NSB are the best on the Zipf distribution, with ZINBshrink being just as
good forn ≥ 10 and having no bias and ZIPshrink being the worst in this case.

Poisson or a Zero-Inflated Negative Binomial distribution. The resulting estimators perform much bet-
ter than the sole shrinkage on distributions for which shrinkage fails while doing reasonably well on
distributions on which shrinkage performs well.

Furthermore, we were able to reproduce the good behavior of the NSB estimator compared the
various flavors of Dirichlet prior based estimators.

However, our simulations tended to show that none of the benchmarked estimator was significatively
better than the others overall. For instance, the shrinkage estimator is by far the best (and fastest) on
smooth distributions but it breaks down when probability is concentrated in a few bins, that is in the
Dirichlet(a) case witha < 1. NSB works on the other hand, does very well in this case but takes long to
compute and is suboptimal on smooth distributions. Finally, ZIPshrink and ZINBshrink adapt to a wide
class of distributions but need a reasonable amount of data for the ZIP and ZINB to be fitted. In the case
where we havep = 100 bins, ensuringn ≥ 20 seems to be a safe requirement, that is an average of 0.2
sample per bin.

Hence, in the end, the choice of a particular estimator depends on oura priori knowledge/assumption
of the underlying distribution and considerations related to computational cost. We would recommend
to

• use ZIPshrink ifn/p ≥ .1 or ZINBshrink ifn/p ≥ .3

• use NSB if you have time and/or CPU power and you know the distribution not to be smooth

• use shrink if you know the underlying distribution to be smooth

As a final word of advice, note that the entropy estimators we compare in the present paper make very
little assumptions on the probability distribution of which they try to estimate the entropy. For instance,
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we assume that binBi and binBi+1 being neighbors tells us nothing about how close the multinomial
proportionsθi andθi+1 might be. Depending on the field of application, this can be a very desirable
assumption or a failure to incorporate part of our knowledge in the estimator.
For instance, let’s say we want to estimate the entropy of a car color sequence : looking through the win-
dow, we note the color of each car passing by and want to estimate the entropy of the resulting sequence.
We can model the experiment as successively drawing iid samples from a multinomial distribution. Each
bin in the multinomial corresponds to one possible car color. In this case, we don’t look at the colors as
if we were doing optics or light physics but as the mark of individual tastes. Tastes are well-known to
be hard to “compare” or “measure”, especially in the present case : it sure doesn’t make much sense to
claim that “green” is closer to “red” than “blue”. Therefore, it doesn’t make sense to have a metric and
the model we use in the present paper is adapted.
On the other hand, let’s consider estimating the entropy of a quantitative variable such as the expression
profile of a single gene. We measure the expression of that gene undern experimental conditions, result-
ing in n measurementsx1, x2, . . . , xn. In this case, expression levelsx1, . . . , xn are just integers such as
x1 = 253, x2 = 192, x3 = 402. It does make sense to say thatx1 is closer tox2 thanx3. We can actually
measure how close two expression levels are by computing their difference for instance. In this case, we
have a metric (for instancedi j = |xi − x j |). In the case where we have a metric, it may be desirable to
use it for the estimation problem as putting more knowledge in our model should help us to make better
estimates. For example, the Kozachenko-Leonenko entropy estimator reviewed in Kraskov et al. (2004)
is based on the assumption that the the probability density function is close to being constant locally,
where locality is defined in the sense of some metric.

6 Future work

In the future, we plan to use our entropy estimator with the ARACNE algorithm (Margolin et al., 2006).
ARACNE attempts to reverse-engineer genetic regulatory networks from microarray gene expression
data using an information theoretic measure of dependence. We hope that using one of our estimates
instead of the one currently used by ARACNE will result in an increased reliability and accuracy.
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Part III

Conclusion
Once that we have an entropy estimator we are satisfied with, how do we infer the network ? In theory, we
just have to apply the conditional independence criteria. But given the difficulty to estimate conditional
mutual information on high-dimensional spaces, some methods have been proposed to learn the condi-
tional independence graph while keeping the estimation problem tractable. Two of them (ARACNE and
0-1 networks) are studied in the first section. We then turn to the problem of missing data and conclude
on considerations on time-series and directionality in the graph.

ARACNE and 0-1 networks

de Campos and Huete (2000) introduces the so-called “0-1 networks” which only rely on low-order
conditional independence tests. On the other hand, ARACNE (Margolin et al., 2006) uses the data
processing inequality to get rid of edges corresponding to indirect interactions.

Remember that in conditional independence graphs, we draw an edge between two variables if their
conditional mutual information given all the others variables is 0. CallingX andY the two variables of
interest andZ1, . . . ,ZN all the others, we draw an edge betweenX andY if

I (X; Y|Z1, . . . ,ZN) > 0

In 0-1 networks, we draw an edge betweenX andY if

I (X; Y) > 0∧ ∀i ∈ {1, . . . ,N} , I (X; Y|Zi) > 0 (18)

Finally, omitting details related to mutual information estimation issues, ARACNE connectsX andY if

I (X; Y) > 0∧ ∀i ∈ {1, . . . ,N} , I (X; Y) > min {I (X; Zi) , I (Y; Zi)} (19)

that is if the so-called “data processing inequality” (DPI) is satisfied.
Both the use of the DPI and the 0-1 network testing strategy result in a simpler entropy estimation

problem because they make it possible to only deal with low dimensional spaces : 2 dimensional spaces
if we use the DPI, or 3 dimensional with 0-1 networks.

One can prove that equation 19 implies equation 18. One way of doing could be as follows. Consider
the I (X; Y|Zi) term in equation 18 :

I (X; Y|Zi) = H(X|Zi) + H(Y|Zi) − H(X,Y|Zi)

= H(X|Zi) + H(Y,Zi) − H(X,Y,Zi)

Therefore,

I (X; Y|Zi) > 0⇔ H(X) + H(Y,Zi) − H(X,Y,Zi) > H(X) − H(X|Zi)

⇔ H(X) − H(X|Y,Zi) > I (X; Zi)

⇔ I (X, (Y,Zi)) > I (X; Zi) (20)

Because the mutual information is symmetric inX andY, we also have

I (X; Y|Zi) > 0⇔ I (Y; (X,Zi)) > I (Y; Zi) (21)
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But note that, by definition,

I (X; Zi |Y) ≥ 0⇔H(X|Y) − H(X|X|Y,Zi) ≥ 0

⇔H(X|Y) ≥ H(X|Y,Zi)

⇔H(X) − H(X|Y) ≤ H(X) − H(X|Y,Zi)

⇔I (X; Y) ≤ I (X, (Y,Zi)) (22)

On the other hand, the DPI formula (see equation 19) requires

I (X; Y) > min{I (X; Zi), I (Y; Zi)}

⇔I (X; Y) > I (X; Zi) ∨ I (X; Y) > I (Y; Zi)

⇒I (X; (Y,Zi)) > I (X; Zi) ∨ I (Y; (X,Zi)) > I (Y; Zi) using inequality 22 (23)

⇔I (X; Y|Zi) > 0 using equations 20 and 21

Therefore, whenever the DPI condition is satisfied, at least one of the left hand and right hand side
expressions in 23 has to be true. But the left hand side expression is just equation 20 while the right
hand side expression is equation 21, both of them characterize 0-1 networks ! In other words, whenever
ARACNE connects two vertices, 0-1 networks would draw an edge as well. But is the converse true ?
That is, are there edges that 0-1 networks would correctly identify but that ARACNE would miss ?
Actually, one can show that this is the case using the following example.

Let us say we haveN variables grouped in a random vectorX = (X1, . . . ,XN). Let X be multivariate
Gaussian distributed, that is, iffX is the pdf ofX, we have :

fX (x1, . . . , xN) =
1√

(2π)N|Σ|
exp

(
−

1
2

(x− µ)TΣ−1(x− µ)

)
(24)

Let furtherΣ−1 = ((ωi j )) andΣ = ((σi j )). Σ is symmetric by definition, soΣ−1 is symmetric too. Note
that the pdf formula 24 makes it clear that wheneverωi j = 0, there can be no direct interactions between
variableXi and variableX j , though they could be correlated if they happen to be correlated to a common
variable. Let us consider the case where we haveN = 3 multivariate Gaussian distributed variables, with
meanµ = 0 and covariance matrix

Σ =

 1.0 0.2 −0.4
0.2 1.0 −0.8
−0.4 −0.8 1.0


which is positive definite and symmetric. Inverting it gives

Σ−1 =

 1.25 0.42 0.83
0.42 2.92 2.50
0.83 2.50 3.33


where no entry is 0, so each variable isconditionally dependenton all the others. As a result, the
conditional independence graph has three vertices and connects each vertex to the two others in a similar
way to the left picture on figure 2.

In theN = 3 variables case, the 0-1 network is just the conditional independence graph.
What about the DPI based network ?
The mutual information between two Gaussian distributed random variablesXi andX j with correla-

tion coefficientρi j is

I (Xi ,X j) = −
1
2

log
(
1− ρ2

i j

)
In our case,ρi j = σi j . It follows that I (X1,X2) = .02, I (X1,X3) = .08, I (X2,X3) = .51 and hence
I (X1,X2) < min{I (X1,X3), I (X2,X3)}while all I (Xi ,X j) are strictly positive. The resulting graph connects
X1 to X3 andX3 to X2 while drawing no edge betweenX1 andX2, resulting in a network similar to the
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Figure 8: The effect of missing data on the inferred conditional independence graph. Left: True network made
of three variablesX, Y andZ. X is connected toZ which in turns connects toY, but there is no direct interaction
betweenX and Y. We ask what happens if we don’t measure variableZ. Right: The upper graph represents
outcome “A” where theX connects toY as a consequence to not observingZ. The lower graph pictures possibility
“B” where no edge is drawn betweenX andY.

right picture on figure 2. In a word, the DPI approach approximates 0-1 networks but it may remove edges
corresponding to direct interactions that 0-1 networks are able to spot, for instance triangular interactions
such as the owns shown on figure 2 (left picture). However, the DPI approach has the advantage that only
requires entropy to be estimated on a two dimensional space instead of three for the 0-1 networks. Hence,
DPI trades inferrence accuracy for lower dimensionality. The question of wether it is worth sacrifying
inferrence accury in order to reduce the dimensionality from 3 to 2 depends on the estimator we use. If
our estimator is reliable enough on a 3 dimensional space, the 0-1 networks strategy should be preferred.
If not, the DPI approach may be more suitable. Finally, Wille and Bühlmann (2006) investigates under
which conditions the 0-1 graph coincides with the conditional independence graph and what happens
when this is not the case.

Until now, we assumed that there were only pairwise interactions in the network. But in the past
years, some authors started investigating the possibility to infer N-way interactions as well, withN > 3.
N-way interactions are important and are very likely to be a requirement in order to model transcription
complexes mediated regulation for instance, when N regulatory proteins bind together with the DNA
polymerase and the DNA, thereby regulating gene transcription. A theoretical framework is developed
in Schneidman et al. (2003) and Nemenman (2004). Currently though, the bottleneck seems to be the
estimation problems in high dimensional spaces.

Missing data

Another question relates to the exhaustivity of microarray experiments. Until now, we assumed that we
measured all the existing genes in the cell. But what happens if this is not the case ? This issue needs
to be addressed with care since serious interpretation errors may result from attempting to do causal
inference while not properly considering the problem of missing data (e.g.Simpson’s paradox).

Obviously, we can only infer edges between genes we actually measured. But when it comes to
edges representing direct vs. indirect interactions, what would be a desirable behavior of the genetic
regulatory network inference method in the case of missing data ? Figure 8 suggests two possibilities.
Let us consider the network on the left hand side picture where two genesX andY are connected through
Z. If we didn’t observeZ, we argue for preserving the (indirect) interaction betweenX andY, connecting
together all the vertices that bind toZ (case “A” on the right hand side picture of figure 8). Alternatively,
one could strictly stick to the “direct interaction” policy discussed in section I and draw no edges between
the two (case “B” on the right hand side picture of figure 8).

Assuming conditional mutual information is known without error, we believe that applying the con-
ditional independence criteria should result in solution “A” to be chosen over solution “B”, that is con-
nectivity is preserved rather than enforcing the “direct interaction” policy. In practice however, we first
have to estimate conditional mutual information and then decide if it is significatively different from 0.
Under such circumstances, we expect mutual information estimation errors to make the “B” behavior
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possible too. But we have no certitude about this question yet and need to look more carefully into it.
Finally, to address the problem of missing data, some authors suggest using more complex, hidden

space models (for example Beal et al., 2005).

Edge directionality& causality

So far, we have concentrated on undirected graphs and left aside the question of how to replace edges with
arrows. We argued that we would focus on determining the structure of the network because knowing
the structure may be a good starting point for further analysis such as inferring edge directionally or
estimating the dynamics in the network.

When it comes to replacing genes with arrows, we have to ask ourselves what information we would
like to be carried by edge directionality. Ideally, since we are trying to infer genetic regulatory networks,
we would like an arrow going from gene “A” to gene “B” to represent regulation in a causal sense. But
causal inference is a delicate problem and constitutes a research topic in itself. For instance, problems
that occur when determining directionality in a graph include :

Computational intractability To do maximum likelihood based parameter estimation on all possible
directed graphs having a known undirected skeleton and if we assume there are no loops with
just two genes, one has to do optimize a likelihood function 2E times, whereE is the number
of undirected edge in the skeleton. For a network with just 9 genes, this number may be as big
6.87e10 already.

Loops When trying to model a genetic regulatory network with a Bayesian network, one has the problem
that Bayesian networks can’t model loops in the graph because in that case, the joint pdf can’t be
factorized in conditional probabilities. That is, the network has to be a directed acyclic graph
(DAG), i.e. it must have the topology of a tree.

Causal inference Even if we omit the computational aspects, inferring edge directionality using the
maximum likelihood principle will select a model that best fits the data in a logical sense. But the
direction of logical deductibilitymay or may notbe the same as the direction of physical causality1.

To address both the first and the third issues, learning algorithms usually start with a causal skeleton,
or at least a variable ordering that has to be specified by the scientist or by a field expert, possibly using
other (experimental) evidence.
For instance, to specify directionality, the scientist may use the intervention principle,i.e. change some-
thing in the system of interest and study what happens as a result of that change. A biologist who knows
that geneA and geneB interact directly and wants to know whether geneA regulatesB or the reverse
may knock out geneA.
Alternatively, the scientist may use the principle that the cause has to occur before the consequence in
time. He may thus be interested in gathering gene expression time series which we briefly discuss in the
next and last section.

Time-series vs. steady-state

When designing his experiments, the biologist may wonder whether he has to make time series of mi-
croarray experiments in order to reverse-engineer a genetic network or if he may just as well set up
experimental conditions of interest (heat shock, UV exposure, nutritional stress, exponential grow, an so
on) and do the microarray measurement at steady state.

1To illustrate this point, let us consider a man at home, on a winter night. The man is about to open the door and enter a
room which we know to be well isolated and properly heated. Opening the window (notedW) of that room causes the room to
get cold (notedC) as air from outside mixes with warm air from the room. Hence, W implies C, in the physical, causal sense.
But if the man enters a cold room (C) on that cold night and notices that the room is freezing, he would automatically deduce
that the window was left opened (W). Hence, in contrast to the direction of physical causality,C impliesW, in the logical sense.
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From the viewpoint of genetic regulatory network inference, the main question is : do we need to
determine edge directionality, e.g. do we want to do causal inference ? If so, as mentioned in the previous
section, time series may help us to do it. On the other hand, time series may be more difficult (and
possibly more expensive) to gather. Therefore, in the case when one is just interested in inferring what
gene is associated with what other gene but one doesn’t care whether association is of type “regulates”
or “is regulated by”, one may just as well perform repeated steady states microarray measurements.
One could then apply the conditional independence criteria to reverse-engineer the genetic regulatory
network.

Finally, in theory, it should be possible to feed time series to the conditional independence graphical
model even if it wasn’t specifically designed to account for temporal dynamics. Beal et al. (2005) intro-
duces a Bayesian version of the Kalman filter which models temporal dynamics and missing data. The
authors analyze time series of microarray data made of 10 time points but restricting the number of genes
to 40. Schäfer and Strimmer (2005) uses a Gaussian graphical model (GGM) approach which models
gene expression with a multivariate Gaussian while doing nothing specifically to account for temporal
dynamics. However, with their method — available as an R package — they analyze time series of
102 genes and 8 time points and recover a biological plausible network while doing better than other
methods.

Future work

We want to use our estimator together with the DPI based approach to genetic regulatory network reverse-
engineering and run simulations on synthetic data to see if it improves the reliability of the algorithm.
Furthermore, since 0-1 networks are better approximations to conditional independence networks than
DPI based approaches, we plan to implement an algorithm based on 0-1 networks too and compare their
respective outcomes.
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